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Abstract 



We derive infinitely many conservation laws for some multi-dimensionally consistent lat- 
tice equations from their Lax pairs. These lattice equations are the Nijhoff-Quispel-Capel 
equation, lattice Boussinesq equation, lattice nonlinear Schrodinger equation, modified lattice 
Boussinesq equation, Hietarinta's Boussinesq-type equations, Schwarzian lattice Boussinesq 
, equation and Toda-modified lattice Boussinesq equation. 
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^ ; 1 Introduction 
(N '. 

In recent years the study of integrable partial difference equations has progressed rapidly. The 
CN ' property of multi-dimensional consistency p[H3| acts as an important role in the research of 

discrete integrable systems. By this property as a criteria and through searching approaches 
many multi-dimensionally consistent lattice equations are found [SHS]. For such equations one 
^ I can easily write out their Backlund transformations and Lax pairs, which have been used to 

^ ■ derive solutions and conservation laws (e.g. [BHTU l fT ^ fTH] ) . 

- - - Possessing infinitely many conservation laws is one of the important characters of inte- 

grable systems. For discrete integrable systems, many methods have been developed to find 
infinitely many conservation laws (llHlSj . Recently, we proposed an approach to derive in- 
finitely many conservation laws for the Adler-Bobenko-Suris (ABS) [3] lattice equations from 
their Lax pairs [16] . In this paper we will apply the same method to some multi-component multi- 
dimensionally consistent lattice equations. We will first in the next section, taking the Nijhoff- 
Quispel-Capel (NQC) equation and discrete Boussinesq (DBSQ) equation as examples, describe 
our approach. Then in Sec. 3 we derive conservation laws for lattice nonlinear Schrodinger equa- 
tion, modified lattice Boussinesq equation, Hietarinta's Boussinesq-type equations, Schwarzian 
lattice Boussinesq equation and Toda-modified lattice Boussinesq equation. We use Lax pairs 
collected in Ref. [T7]. 
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2 Conservation laws of the NQC equation and DBSQ equation 



Let us take the NQC equation and DBSQ equation as examples to review the approach that we 
used in [16| for deriving conservation laws. Conservation laws of these two equations have also 
been considered in and [T5] through direct approach and symmetry approach. 

2.1 The NQC equation 

Consider a quadrilateral lattice equation 

Q{u,u,u,u,p,q) =0, (2.1) 

where 

u = u{n,m), u = EnU = u{n + l,m), u = EmU = u{n,m + 1), u = u{n + l,m + 1), 

En and Em respectively serve as shift operators in direction n and m, p and q are spacing 
parameters of direction n and m, respectively. A conservation law of equation (12. ip is defined 
by 

AmF{u) = AnJ{u), (2.2) 

where = Em — 1, A„ = En — 1, and u is a generic solution to (j2.ip . 
The NQC equation is [ISIIIS] 



[{p-a)u-{p + l3)u\[{p-^)u-{p + a)u] - [{q-a)u-{q + /3)u] [(g - /3)u - (g + a)u] = 0, (2.3) 

where a, (3 are constants, and its Lax pair reads (cf. [17J) 

~_ / {p - a){p - /3)u - {p"^ - r^)u -{r - a){r - P)uu \ , , 

^ (r + a)(r + /3) -{p + a){p + I3)u + {p^ - r'^)u ) ^ ^ 

2-^ ( (q - a){q - f3)u - {q^ - r^)u -{r - a)ir - /3)uu \ , . 

^ ^'V (r + a)(r + /3) -(^g + a){q + f3)u + {q^ - r^)u J ^^'^''^ 

where 4> = {4>i, (j)2)'^ , 7i is either 

71 = , ^ (2.5a) 

J [(/3 - p)u + (a + p)u] [{a - p)u + (/3 + p)u\ 

1 1 , , , 

or 71 = 7 ^ — -7^3- — or 7i = ^ — -7 — \ — y=^ 2.5b 

[a — p)u + [p + p)u [p — p)u + [a + p)u 

and 72 follows from the above 71 's by replacing {p,~) by (q,^)- 
Eliminating (pi from (j2.4ap one finds 

A^2 + B4>2 + eC<P2 = 0, (2.6a) 

where e = — r"^, 

A=^, B = {p + a){p + 13)'^ - {p - a){p - (3)u, (2.6b) 
71 

C = 71 [(a^ + 13^- '2p^)uu +{p-a){p- ^)u^ + {p + a){p + ^)u'^] . (2.6c) 
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()2.6ap yields a discrete Riccati equation 

Aee + B9 + eC = 0, (2.7) 
with 9 = (j)2/4>2, which is then solved by 



oo 



e = pe{l + ^0je^), (2., 



with 

^ j 

B' "'-^^ B 



P = -§, dj+i = -^Y.^ie,.i, (00 = 1), j = 0,1, 2,.-- . (2.8b) 



j=0 

Next, going back to the Lax pair (j2.4p we can easily find 

e = ^ = ^i[{r + a){r + l3)'^-{p + a){p + /3)u + {p^ - r'^)u] , (2.9a) 

V = p-=72\ir + a)(r + /3)^ - {q + a){q + f3)u + (g^ - r^)u] , (2.9b) 

from which eliminating 4>i/(p2 "we reach to the relation 

rj = uj{l + ae), (2.10a) 

with 

w = 72[(p + a)(p + /3)u- (g + a)(g + /3)n + (g2 -/)u], (2.10b) 

1 ^^^^ 
71 [(p + a)(p + /3)n - (q' + Q)(g + /3){i + (g^ - p'^)u] 

Meanwhile, due to = 02/02, ^/ = 02/02, we get 

A„ln0 = A„lnr?, (2.11) 

which provides a formal conservation law for the NQC equation. Finally, what we need is to 
insert the explicit form (j2.8p of 9 into (j2.1ip and then expand it in terms of e. The coefficient of 
each power of e provides a conservation law for the NQC equation, which is expressed through 

(cf. m) 

Am Inp = A„ Inw, (2.12a) 

Amhs{e) = Anhs{ape), (s = 1,2,3,- ••), (2.12b) 

where 

= {01,92, ■■■), 9 = {l,9i,92,---), and ape = {ap,ap9i,ap92,- ■ (2.12c) 

with p, uj, a and {9j] given by ([2?8b]) . ()2.10bp . (I2.10cp and (f2?8b]) . {/is(t)} are polynomials 
defined as the following |T6] . 
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Proposition 1. The following expansion holds, 



where 



and 



(OO \ oo 
1 + =J2hj{t)k^, (2.13a) 

1=1 ^ j=i 

/^i(t)= E (2.13b) 



\<A\=3 



t = (ii,t2, • ■ ■ )) a = (ai,a2, • • • )> "i G {0, 1, 2, • • • }, (2.13c) 

oo oo oo oo 

j=l i=l 1=1 i=l 

The first few of {hj(t)} are 

hi{t) = ti, (2.14a) 
h2it) = -^tl + t2, (2.14b) 

h^it) = ^tl-tit2 + t3, (2.14c) 

/i4(t) = -^tf + tjt2 - tits - ^4 + U- (2.14d) 

2.2 The DBSQ equation 

Now let us look at the DBSQ equation [20] 

z — xx + y = 0, z — xx + y = 0, {x — x){z — xx + y) — p + q = 0. (2-15) 
Its Lax pair reads 

-X 1 

-y^ ^ 1 I (2.16a) 

p — r — xy + xz —z x 

-X 1 

-y^ ^ 1 I 0, (2.16b) 

q — r — xy + xz —z x 

where (/) = (</>i, 02, 03 )'^- From ()2.16ap we can eliminate 02, 03 and get 

01 + (5; - 3;)0]^ + {y + z - xx)(f>i + e0i = 0, 
where e = r — p, and then a discrete Riccati equation 

^^6* + (i - x)^6' + (^ + z - xi)6i + e = 0, (2.17) 
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with 9 = (pi /(pi. This is a third-order equation and solved by 



with 



1 



y + z — XX 

p(x — x) 
y + z — XX 

P 



3 J-« . 



i+1 



: [p ^ ^ OiOkOj-i-k + (x - x) ^ OiOj+i- 



y + z XX 

for J = 0, 1, 2, • • • . Meanwhile, from the Lax pair (|2.16p we have 



which yields 



with 



91 91 
(pi ^ , (p2 
91 91 



rj = uj{l + cj6 



OJ = X — X, 

1 

o" = — — ^■ 



X — X 



(2.18a) 

(2.18b) 
(2.18c) 
(2.18d) 



(2.19a) 

(2.19b) 
(2.19c) 



Next, from the formal conservation law A^ln^ = A„, Inr/, we get infinitely many conservation 
laws 



where 



A^lnp = A^lnw, 

/^^hs{e) = /\nhs{(Tpe), (S = l,2,3,' 



= (1,6*1, 6*2, ••• )' and ap6 = {ap,apei,ape2,---), 



(2.20a) 
(2.20b) 



(2.20c) 



with p, uj, a and {9j} given by (|2.18bp . (I2.19bl) . (l2T9c]) . (l238cl) and (I2.18dp . {/is(t)} are 
polynomials defined in Propositon [TJ 
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3 Conservation laws of some multi-component lattice equations 



3.1 Generic description 

We first list all multi-component lattice equations involved in this part. 

y - y - y[{x - x)y + p-g] = 0, x -x + x[ix - x)y + p- q] =0, 
x{py - qy) - y{px - qx) = 0, xy{py - qy) - y{pxy - qxy) = 0, 

z{pz — qz) 



xz — xz 



z 
xz 



z 

xz 



z 



z 



0, z + zx - 
0, z + d- 



z — z 
z pxz — qxz 

X ~ ^ 



0, 



z 



z 



xz 



XX 



y-x 
■y-z 



zy — x + X 



0, 
0, 
0, 



xz 



XX 



y ■ 
■ y 



zy — X + X 



0, 
0, 
0, 



z 



y 

X 



= 0, 
1 px 



qx 



X z — z 
z + y — d{x — x) — XX 
d2X + di z py'z 

y 



0, 



z 



X — X 

qyz 



zy — X + X 
yx 



0, zy — X + X 



z 



z 



0, z — yx — z 



0, 
0, 



y 

XX + d 



z 



z — z 
z pyz — qyz 



0, 



0, 



y y z- z 

xy{y -y) - y{pxy - qxy) = 0, 
y{p - q + x - x) - {p - l)y + {q - l)y = 0, 

yy{p - q - (p- + (q - '^)yy = o, 

y{p + q - z - x){p - q + X - x) - (p"^ + p + l)y + {q^ + q + l)y = 0. 



INLS 
mDBSQ 

(C-2.1) 
(C-2.2) 
(A-2) 
(B-2) 
(C-3) 

(C-4) 
SDBSQ 

Toda-mDBSQ 



All these equations are of multi-component, defined on an elementary quadrilateral, and multi- 
dimensionally consistent in terms of the vector variable u = {x,y,z). For some two-component 
equations z or y is absent. Among these equations, INLS stands for lattice nonlinear Schrodinger 
equation given in [21], mDBSQ stands for modified discrete Boussinesq equation given in [22], (C- 
2.1), (C-2.2), (A-2), (B-2), (C-3) and (C-4) are the lattice equations of Boussinesq type found in 
[5], SDBSQ stands for Schwarzian discrete Boussinesq equation given in [23], and Toda-mDBSQ 
stands for Toda-modified discrete Boussinesq equation given in [21]. Obviously, the DBSQ 
equation can be obtained from (B-2) by setting d = and switching (x, y, z,p, q) — )• (x, z, y, q,p), 
and the SDBSQ equation can be obtained from (C-3) by setting di = d2 = and switching 
{x,y,z) — >■ {z,x,y). The Lax pairs of all these lattice equations are listed in Ref. [IT], while we 
list them in Appendix El 

It is possible to describe a unified approach to derive infinitely many conservation laws for 
all the above mentioned multi-component lattice equations. Their Lax pairs are of the following 
form 



(3.1a) 
(3.1b) 



where A^i and are N x N matrices and (j) = {4'ii4'2, ■ ■ ■ There is some certain (pi^ 

such that one can from (j3.1ap eliminate other <j)j^s and get a scalar form spectral problem in 
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terms of (/jjQ, say, the following 

A^i^ + B 4>i^ + {eC + D)^,, + eGct>i, = 0, (3.2) 

where A, B, C, D, G are functions of {EnU,p), and e is a constant related to p and r. From this 
we reach to a discrete Riccati equation 

Am + Bee + (eC + D)e + eC = o, (3.3) 

with 



e = ^. 

As for solutions to (13.31) we have 



(3.4) 



Proposition 2. The discrete Riccati equation (|3.3p is solved by 

e = pe 

with 



P = -§, (3.5b) 

^i = --i(i?p + C7), (3.5c) 

+ BpY.e,ej+i^, + ce,+i), {eo = i), (3.5d) 

1=0 k=0 1=0 

for j = 0,1,2,- ■■ . 

Next, the following relation is also available (recalling (|2.19a|) ). 

rj = ^= oj{l + ae), (3.6) 
where u and a are functions of (n, u, u, p, q) related to considered equations and they satisfy 

uj{u, u, u,p, q) = — -. (3.7) 

a{u,u,u,q,p) 



Then, the infinitely many conservation laws can be described as following (cf. |16j). 
Proposition 3. From the formal conservation law 

A^lne = A„lnr/, (3.8) 

one has 

Am Inp = An \nuj, (3.9a) 
Amh,ie) = AnhsiapO), (s = 1, 2, 3, • • • ), (3.9b) 



where 

e = {ei,e2,---), e = {1,61,62,- ■■), (3.9c) 

with p,{6i},uj and a given by (13. 5p and ()3.6p and hs{t) defined in PropositionUi The first few 
conservation laws are 

A^ln(^-— j = A„lncj, (3.10a) 

. Cb-BG , Ga / , ^ 

A„— , (3.10b) 



DD D 



Am 



{BG - CDy BG{BG - CD) AGG 



+ 



3.2 Main results 



A, 



Ga 

n 

2D^D 



2{CD - BG) - DGa . (3.10c) 



We find each multi-component lattice system we list out in our paper falls in the above frame and 
therefore they can share those formulae of conservation laws with concrete {A, B, C, D, G, uj, a} 
where in some cases A can also be scaled to 1. In the following we skip details and list out 
A,B,C,D,G,ljJ and a for each equation. 

Proposition 4. For INLS equation, io = 1, 

A = 0^ B = l, C=l, D = ii^, G = l, u = a = (3.11a) 

For mDBSQ equation, iq = 3, 

A = } ^, B = _pMi+^^M^ C = 0, G = 71, (3.12a) 
lilivyy iixyyyy 

p^{xy + xy + xy) l2y{qxy - pxy) xy 10K^ 
D = , io = , a = — ^ — . (3.12b) 

xyy xy liy{qxy - pxy) 

For (C-2.1) equation, io = 3, 

A = B = _ ^_J ^zz + zz{p + x) + iz\, C = l, (3.13a) 

'yi^izz ^izzz 

~ J _ _ ^ 1 

D = x-\ \-p, G = ^iz, uj = ^2iz — z), a = — — — — . (3.13b) 

z ji{z-z) 



For (C-2.2) equation, io = 3, 



X 2_ ^ ^ ^ 

A = ^ ~ B = — — ^[xzz + xzz + {d + px)z'z\, G = x, (3.14a) 

^I'JlZZ 'JiZZZ 

xz ^ 1 

D = ^ px + d, G = 7ixz, a; = 72(2 — 2"), a = — jr^ — (3.14b) 

z ji{z-z) 
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For (A-2) equation, iq = 3, 



A = ^ ~~ ; B = —{—X + xz — y), C = 0, G = '^ixzz, (3.15a) 
71 71 2 71 

D = zipx — x'z + y) , ui = 'y2z{'z — z), a = — — — . (3.15b) 

7iz(z - z) 



For (B-2) equation, = 3, 

^ = ^ S = Jt_(x - i + d), C = 0, G = 7ix, (3.16a) 

7i7ixx 7i2^ 

= ci(a; — 5?) — + y + z, a; = 72x(x — x), o" = — — — -. (3.16b) 

7ix(x — x) 

For ( C-3) equation, zq = 3, 

y 1 ~ _~ ~_ _ 

^ ~ _ ~ _~ ) ^ = _ ^~ {y^ + yz + pyz — — di), C = 0, (3.17a) 

7i7izz jizz 

D = -[yz + p{yz + yz) - d2X - di], G = 7i(x-x), ^^ = 72(2-?), cr = — — — — . (3.17b) 
z ji{z - z) 

For (C-4) equation, io = 2, 

A= ^ , B = ^-r + ^^^^±m±^^, C = 0, (3.18a) 

7i7x(x — x) 7i(x — x) y"fi{x — x) 

z[-xx + yz + p{yz + yz)-d] -fizz 722;(x - x) x-x /oiou\ 

L> = , G = , UJ = — :3 , cr = (o.iobj 

y{x-x) y -fiz{x-x) 

For SDBSQ equation, io = 3, 

A = _Z^ , B = -^{xy + xy + pxy), C = 0, (3.19a) 
71712/ 7iy 

D = p{xy + xy) + xy, G = 7ixyy, UJ2 = 72(y -y), a = — — . (3.19b) 

71 (y - y) 

For Toda-mDBSQ equation, = 2, 

1 „ 1— p x + z — 2p^ „ p — 1 , ~ , p^+p+1 
A = —3^, B = — ^ + C = 0, L> = ^-^(-x - z + 2p) + i- , (3.20a) 

7i7iy 7iy y ^ 

r 71 , I2[{q - l)y - {p - l)y] y_ r-^ 9nM 

G = — , u = , a = — T- — c — --T. (3.20b) 

y y 7i[(9 - i)y - (p - i)yj 

For each equation, the function 7^ is defined in Appendix A. 

For each equation, from Proposition 2 and Proposition 4 we can find tliat p is related to 71 
and UJ is related to 72 while {Oj} and ap are independent of 71 and 72, thus by Proposition 3 all 
conservation laws except the first one (I3.9ap are independent of 71 and 72. 
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4 Conclusion 



We have shown some examples of deriving infinitely many conservation laws from Lax pairs 
for some lattice equations, particularly for multi-component discrete systems. These systems 
are all integrable in the sense of multi-dimensional consistency. Such integrability is used to 
construct Lax pairs. In [TI] three-point conservation laws were found via direct approach. Here 
the simplest nontrivial conservation law of the NQC equation is a four-point one (see Appendix 
[B]) . However, the approach using Lax pairs looks quite natural and can provide infinitely many 
conservation laws. And more important, it works for most of known multi-dimensionally con- 
sistent systems, including one-component and multi-component discrete systems. We also note 
that if we conduct the same procedure starting from (q,^) part of Lax pairs, we only need to 
switch {p~) and (g,^) in the present results and this is guaranteed by the symmetric property 
(|3TD. 
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A Lax pairs of lattice equations listed in Secj3] (cf. |17] ) 

For each equation we only list out the matrix A'^i in the Lax pair. Matrix follows from A^i 
by switching (l,p,~) {2,qr)- 
For the INLS equation 

iVi 

For the mDBSQ equation 



71 



X 

p — yx 



, with 7i — 1. 




py 





—r 


-rxy 


py 








ryy 




X 


X 


—z 


X 




zz 


-z{p + 


x) 





1 





with 7i = ? 



1 1 
or 71 = -, or 71 = -. 

y y 



with 71 



or 71 



1 1 
-, or -. 

z z 



For (C-2.2) equation 



(f -i(f^5?) 4jj,with7r^/5,or7r4,or-l 
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For (A-2) equation 



yz r_ rx—pxz—yzz 

XX X 



-^1 = 71 I —XZ Z XZ I , with 71 = — or 71 = -, or 71 = 



Z —ZZ 



xz^z z z 



For (B-2) equation 



— {dx + x) dx + y k\ 
A^i = 71 I —XX z ZZ 



^ I J >^ where fci = (2 — xx){dx + y) 

+z{dx + X ) + x{p — r), 



U —1 XX — Z with 71 = or 71 = -, or 71 = -. 



For (C-3) equation 



d\ +d2X—pyz rzz diz+d2xz 

y y y 



-/Vl = 71 I -Z X -X I , with 71 = 3| -X^, or 71 = or 71 = |. 



1 -z 

For (C-4) equation 

d+xx—pyz (r—x)zz 



2/z^2 z z 



1 
For the SDBSQ equation 



^'l = 71 I -Z X- X I , with 71 = 3/ j^^, or 71 = -, or 71 = ^. 



y2''2; 2 2 



pyx 




rzy 


X 


X 


X 


—z 


y 





-1 








:::57::; r, Or 71 = -, Or 71 = -. 

y^{z-z) y y 



For the Toda-mDBSQ equation 



where fei = (p^ — r^) — x{p + r) 

r+p-Z i±r±r^ h \ y 

N.-^.i n T n \~ +z{r-p + x)- Hp^ +P+1), 

iVi — 71 I P — 1 (1 — r)y I , y 

1 p-r-x I ... ^ ,fy 



with 71 = f/ — , or 71 = 1. 



B First few conservation laws of some lattice equations 

For the NQC equation, the first two conservation laws are 

In ^ ^ ^ ^ ^ = A„ In 72 [P+u - Q+u + {q^ - p^)u] , (B.la) 



P-U - P+u 



Am ;3 — A„ —, (B.lbj 

{P-U - P+u){P-U - p+u) [P+u - Q+u + - p^)u]{P-U - p+u) 
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where P+ = {p + a)(p + /?), P_ = (p - a)(p - Q+ = {q + a){q + P). For the DBSQ equation, 
the first two conservation laws are 

In ^ \ =A„ ln{x - x), (B.2a) 

XX — y — z 



—X + X 



{xx — y — z){xx — y — z) x){xx y z) 

For the INLS equation, the first two conservation laws are 



xx{l + xy){l + xy) x{l + xy){x-x) 
For the SDBSQ equation, the first two conservation laws are 



p{xy + xy) + xy 

•y + pxy) 

\p{xy + xy) + xy\ \pixy + xy) + xy\ iv ~y) Ipi^V + ^v) + ^v] 



(B.2b) 



In ^L— =An In (B.3a) 

x{l + xy) X 

^}-^y^ + ^V) (B.3b) 



A^ In _ ™y ^ = A„ In 72 (y - y) , (B.4a) 



xy{xy + xy + pxy) xyy m 

^ni Z Z Z ZZ ~ ^— (tiAb) 
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